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Let G be a simple graph of order n with m edges. Let
the adjacency spectrum be {λ1, λ2, . . . , λn−1, λn} of G, where
λ1  λ2  · · · λn−1  λn. The Estrada index of a graph G is
EE(G) = ∑ni=1 eλi . In [J.A. Peña, I. Gutman, J. Rada, Estimating the
Estrada index, Linear Algebra Appl. 427 (2007) 70–76], Peña et al.
posed a conjecture that the star Sn has maximum Estrada index for
any tree of order n and the path Pn has minimum Estrada index for
any tree of order n or any connected graph of order n. In this paper,
we have proved that the star has maximum Estrada index for any
tree. Also, we obtain that the path has minimum Estrada index for
any connected graphwithm 1.8n + 4 orm n2/6. Moreover, we
give better lower bound on Estrada index for any connected graph.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Throughout this paper, let G = (V , E) be a simple graph with vertex set V = {v1, v2, . . . , vn} and
edge set E. Let n andm be, respectively, the number of vertices and edges of G. Denote by Nn, the null
graph of order n is a graph with no edges. Let k be the chromatic number of a graph G.
Let A(G) be the adjacency matrix of G and A(G) = (aij) be deﬁned as the n × nmatrix (aij), where
aij =
{
1 if vivj ∈ E,
0 otherwise.

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It follows immediately that if G is a simple graph, then A(G) is a symmetric (0, 1) matrix with all
diagonal elements are zero. We shall denote the characteristic polynomial of G by
P(G) = det(xI − A(G)) =
n∑
i=0
aix
n−i
i .
Since A(G) is a real symmetric matrix, its eigenvalues must be real, and may be ordered as
λ1  λ2  · · · λn.
When more than one graph is under discussion, we may write λi(G) instead of λi. The sequence of n
eigenvalues is called the spectrum of G. The basic properties of graph eigenvalues can be found in the
book [1].
A graph-spectrum-based invariant, recently put forward by Estrada [2–5], is deﬁned as
EE(G) =
n∑
i=1
eλi . (1)
Already Peña et al. [6], proposed to call it the Estrada index. The Estrada index has been successfully
related to chemical properties of organic molecules, especially proteins [3]. Estrada and Rodríguez-
Velázquez [3,4] showed that EE(G) provides a measure of the centrality of complex (communication,
social, metabolic, etc.) networks. In addition to this, in a recent work [5] a connection between the
Estrada index and the concept of extended atomic branching was considered. So it is signiﬁcant and
necessary to investigate the relations between the Estrada index and the graph-theoretic properties
of G. Some well known mathematical properties on the Estrada index in G are the following:
1. For any graph G of order n, different from the complete graph Kn and null graph Nn,
EE(Nn) < EE(G) < EE(Kn).
2. For n vertices andm edges in G,
√
n2 + 4m EE(G) n − 1 + e
√
2m. (2)
Equality on both sides of (2) is attained if and only if G is a null graph Nn.
Let Sn and Pn denote, respectively, the n-vertex star and the n-vertex path. Let T be any n-vertex
tree, different from Sn and Pn. Recently, Peña et al. [6] investigated the lower and the upper bounds on
Estrada index, and they posed following conjectures:
Conjecture 1 [6]. Among n-vertex trees, T , the path has minimum and the star maximum Estrada index:
EE(Pn) EE(T) EE(Sn).
Conjecture 2 [6]. Among connected graphs of order n, the path has minimum Estrada index:
EE(G) EE(Pn).
The paper is organized in the followingway. In Section 2,we give some lower bounds on the Estrada
index for graph G. Also we obtain that the path has minimum Estrada index for any connected graph
with m 1.8n + 4 or m n2/6. In Section 3, we proved the conjecture that n-vertex star Sn has the
maximum Estrada index for any tree of order n.
2. Estrada index of graphs
In this section we study on the Estrada index of general graphs. The lower bound on the spectral
radius in terms of chromatic number of the adjacency matrix of a graph is the following:
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Lemma 2.1 [7]. Let G be a simple graph with chromatic number k. Then
λ1  k − 1. (3)
For a connected graph G, λ1 = k − 1 if and only if G is a complete graph Kn or G is a cycle Cn of odd length.
Nowwe obtain the lower bound on the Estrada index in terms of order and the chromatic number
of a graph.
Theorem 2.2. Let G be a simple graph of order n. Then
EE(G) ek−1 + n − 1
e
k−1
n−1
, (4)
where k is the chromatic number of graph G. Moreover, the equality holds in (4) if and only if G is a null
graph Nn or is a complete graph Kn.
Proof. If G = Nn, then k = 1 and λ1 = λ2 = · · · = λn = 0. Thus EE(G) = n, and equality holds in
(4). When EE(G) = n, by Arithmetic–Geometric Mean Inequality, one can see easily that λ1 = λ2 =· · · = λn = 0 and hence G is a null graph Nn. Otherwise, G /= Nn and hence, λ1 > 0. Now,
EE(G) = eλ1 + eλ2 + · · · + eλn
 eλ1 + (n − 1)
⎛
⎝ n∏
i=2
eλi
⎞
⎠
1
n−1
, by Arithmetic–Geometric Mean Inequality (5)
= eλ1 + (n − 1)
(
e−λ1
) 1
n−1
, as
n∑
i=1
λi = 0. (6)
Now we consider a function
f (x) = ex + n − 1
e
x
n−1
, for x > 0.
We have
f ′(x) = ex − e− xn−1 > 0, for x > 0.
Thus f (x) is an increasing function for x > 0. From (6), we get
EE(G) ek−1 + n − 1
e
k−1
n−1
, by (3). (7)
This completes the proof of (4).
Now suppose that equality holds in (4). Then equality holds throughout (5)–(7). From equality
in (5) and by the Arithmetic–Geometric Mean Inequality, we get λ2 = λ3 = · · · = λn. Since λ1 > 0
and
∑n
i=1 λi = 0, we must have λ2 < 0. Thus G is a connected graph. From equality in (7), we get
λ1 = k − 1. Since λ2 = λ3 = · · · = λn and λ1 = k − 1, by Lemma 2.1, G is a complete graph Kn.
Conversely, one can see easily that the equality holds in (4) for the complete graph Kn. Hence the
theorem is proven. 
A lower bound on the spectral radius in terms of n andm of a connected graph G is the following:
Lemma 2.3 [1]. Let G be a connected graph of order n and m edges. Then
λ1 
2m
n
, (8)
with equality holding if and only if G is a regular graph.
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Theorem 2.4. Let G be a simple connected graph of order n and m edges. Then
EE(G) e
2m
n + e− 2mn + n − 2. (9)
Moreover, the equality holds in (9) if and only if G is a complete bipartite graph Kp,p.
Proof. Since G is a connected graph, λ1 > 0 and λn < 0. Now,
EE(G) = eλ1 + eλ2 + · · · + eλn
 eλ1 + eλn + (n − 2)
⎛
⎝n−1∏
i=2
eλi
⎞
⎠
1
n−2
(10)
= eλ1 + eλn + (n − 2)e− λ1+λnn−2 , as
n∑
i=1
λi = 0. (11)
Consider the function
f (x, y) = ex + ey + (n − 2)e− x+yn−2 , x > 0, y < 0.
To ﬁnd the minimum value of f (x, y). For this we calculate
fx = ex − e− x+yn−2 , fy = ey − e− x+yn−2 , fxx = ex + 1
n − 2e
− x+y
n−2 ,
fxy = fyx = 1
n − 2e
− x+y
n−2 , and fyy = ey + 1
n − 2e
− x+y
n−2 .
Now,
fx = fy = 0 ⇒ (n − 1)x + y = 0 and x + (n − 1)y = 0 ⇒ x + y = 0.
For x + y = 0,
fxx > 0, fxxfyy − f 2xy = 1 +
1
n − 2 (e
x + e−x) > 0.
From above we conclude that f (x, y) has a minimum value at x + y = 0 and minimum value is ex +
e−x + n − 2. Now we can see easily that ex + e−x + n − 2 is an increasing function for x > 0. By
Lemma 2.3, we have λ1  2mn . Thus
eλ1 + e−λ1 + n − 2 e 2mn + e− 2mn + n − 2. (12)
From (11) and (12), we get
EE(G) e
2m
n + e− 2mn + n − 2.
Hence we get the required result in (9). The ﬁrst part of the proof is over.
Now suppose that equality holds in (9). Then all inequalities in the above argument must be
equalities. Since λ1 + λn = 0, we have that −λ1 is also an eigenvalue of G. From equality in (12)
and Lemma 2.3, we get that G is a regular graph as G connected.
From equality in (10) and
∑n
i=1 λi = 0, we get
λ2 = λ3 = · · · = λn−1 = 0, as λ1 + λn = 0. (13)
Thus λ1 = −λn = √m, λ2 = λ3 = · · · = λn−1 = 0 (as ∑ni=1 λ2i = 2m). Hence G is a complete
bipartite graph Kp,p, where n = 2p.
Conversely, one can see easily that the equality holds in (9) for complete bipartite graph Kp,p. This
completes the proof. 
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Corollary 2.5. Let G be a simple connected graph of order n and m edges. Then
EE(G) n +
(
2m
n
)2
+ 1
12
(
2m
n
)4
. (14)
Proof. This follows from Theorem 2.4 and the inequality
e
2m
n + e− 2mn  2 +
(
2m
n
)2
+ 1
12
(
2m
n
)4
. 
Remark 2.6. One can see easily that the lower bound given by (14) is always greater than the previous
bound given by (2) for connected graph.
Lemma 2.7 [1]. The eigenvalues of the adjacency matrix of path Pn are 2 cos
(
pπ
n+1
)
with corresponding
eigenvector
(
sin
(
pπ
n+1
)
, sin
(
2pπ
n+1
)
, . . . , sin
(
npπ
n+1
))T
, p = 1, 2, . . . , n.
Theorem 2.8. Let G be a simple connected graph of order n and m 1.8n + 4 edges. Then
EE(G) > EE(Pn),
where Pn is a path of order n.
Proof. We have
EE(Pn) =
n∑
i=1
e
2 cos iπ
n+1
=
[ n2 ]∑
i=1
e
2 cos iπ
n+1 +
[
n+1
2
]
∑
i=1
e
−2 cos iπ
n+1
<
(⌈
n + 1
6
⌉
− 1
)
e2 +
(⌈
n + 1
4
⌉
−
⌈
n + 1
6
⌉)
e
√
3
+
(⌈
n + 1
3
⌉
−
⌈
n + 1
4
⌉)
e
√
2 +
(⌈
n + 1
2
⌉
−
⌈
n + 1
3
⌉)
e
+
[
n + 1
6
]
e−
√
3 +
([
n + 1
4
]
−
[
n + 1
6
])
e−
√
2
+
([
n + 1
3
]
−
[
n + 1
4
])
e−1 +
([
n + 1
2
]
−
[
n + 1
3
])
< 7.39
(⌈
n + 1
6
⌉
− 1
)
+ 5.653
(⌈
n + 1
4
⌉
−
⌈
n + 1
6
⌉)
+ 4.114
(⌈
n + 1
3
⌉
−
⌈
n + 1
4
⌉)
+ 2.719
(⌈
n + 1
2
⌉
−
⌈
n + 1
3
⌉)
+ 0.177
[
n + 1
6
]
+ 0.244
([
n + 1
4
]
−
[
n + 1
6
])
+ 0.368
([
n + 1
3
]
−
[
n + 1
4
])
+
([
n + 1
2
]
−
[
n + 1
3
])
< 1.737
⌈
n + 1
6
⌉
+ 1.539
⌈
n + 1
4
⌉
+ 1.395
⌈
n + 1
3
⌉
+ 2.719
⌈
n + 1
2
⌉
− 0.067
[
n + 1
6
]
− 0.124
[
n + 1
4
]
− 0.632
[
n + 1
3
]
+
[
n + 1
2
]
− 7.39
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< 1.737
(
n + 1
6
+ 1
)
+ 1.539
(
n + 1
4
+ 1
)
+ 1.395
(
n + 1
3
+ 1
)
+ 2.719
(
n + 1
2
+ 1
)
− 0.067
(
n + 1
6
− 1
)
− 0.124
(
n + 1
4
− 1
)
− 0.632
(
n + 1
3
− 1
)
+ n + 1
2
− 7.39 < 2.746n + 3.569. (15)
Since
n∑
i=1
λki (G) = Tr(Ak(G)) 0. (16)
Now,
EE(G) =
n∑
i=1
eλi(G)
= n +
n∑
i=1
λi(G) +
∑n
i=1 λ2i (G)
2! +
∑n
i=1 λ3i (G)
3! +
∑n
i=1 λ4i (G)
4! + · · ·
 n + m, by (16) and
n∑
i=1
λi(G) = 0,
n∑
i=1
λ2i (G) = 2m
 n + 1.8n + 4 = 2.8n + 4 > EE(Pn). 
Theorem 2.9. Let G be a simple connected graph of order n and m n2/6 edges. Then
EE(G) EE(Pn),
where Pn is a path of order n.
Proof. For n 13, we have m > 1.8n + 4 (as m n2/6). By Theorem 2.8, EE(G) > EE(Pn). It remains
to consider the cases for n 12. For n = 2, G = P2 (as G connected) and hence EE(G) = EE(P2).
For n = 3, G is either a complete graph K3 or a path P3 as G connected. One can see easily that
EE(K3) ≈ 8.125 > 5.356 ≈ EE(P3) and hence EE(G) EE(P3).
For n = 4, we havem 3 as G connected. If λ1(G) 2.5, then
EE(P4) ≈ 7.636 < e2.5 < EE(G).
Otherwise,λ1(G) < 2.5. Ifm 4, thenλ1(G) 2,by (8)andhenceEE(P4) ≈ 7.636 < e2 +∑4i=2 eλi(G)
 EE(G) (as
∑4
i=2 eλi(G)  3
(
e
∑4
i=2 λi(G)
) 1
3
> 3
(
e−2.5
) 1
3 ≈ 1.304, by Arithmetic– GeometricMean In-
equality). Otherwise,m = 3. So, G is either a star S4 or a path P4 as G connected. We have EE(K1,3) ≈
7.829 > EE(P4) and hence EE(P4) EE(G).
For n = 5, we have m 5 (as m n2/6). If λ1(G) 2.3, then one can see easily that EE(P5) ≈
9.915 < e2.3 +∑5i=2 eλi(G)  EE(G)
(
as
∑5
i=2 eλi(G) > 0
)
. Otherwise, λ1(G) < 2.3. By Lemma 2.3, we
getm = 5 and hence graph G is unicyclic. Thus G is one of the graphs in Fig. 1.
Nowwe have λ1(H2) ≈ 2.303 and λ1(H3) ≈ 2.343. So, λ1(Hi) 2.3, for i = 2, 3. By computer, we
have EE(H1) ≈ 13.012, EE(H4) ≈ 12.036 and EE(H5) ≈ 11.496. Thus EE(P5) < EE(G).
For n = 6, we havem 6. If λ1(G) 2.55, then EE(P6) ≈ 12.195 < e2.55 +∑6i=2 eλi(G)  EE(G). If
2.23 λ1(G) < 2.55, thenEE(P6)≈12.195 < e2.23 +∑6i=2 eλi(G)EE(G)
(
as
∑6
i=2 eλi(G)5
(
e−2.55
) 1
5
> 3, by Arithmetic–Geometric Mean Inequality). Otherwise, λ1(G) < 2.23. By Lemma 2.3, we have
m 6 and hencem = 6. Thus graph G is unicyclic and G is one of the graphs in Fig. 2.
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H H1 2 H3
H 4 H5
Fig. 1. Unicycle graphs of order 5.
H
H
H H
6
7
8 9
H10
H11
H12
H13
H14 H15 H16
17 H18H
Fig. 2. Unicycle graphs of order 6.
Now we have λ1(H7) > 2.334, λ1(H8) > 2.514, λ1(H9) > 2.446, λ1(H10) > 2.38, λ1(H11) >
2.414,λ1(H12) > 2.247,λ1(H13) > 2.236,λ1(H17) > 2.278 andλ1(H18) > 2.288. So,λ1(Hi) > 2.23,
for i = 7, 8, 9, 10, 11, 12, 13, 17, 18. By computer,wehaveEE(H6) ≈ 15.292,EE(H14) ≈ 14.326,EE(H15)≈ 13.992 and EE(H16) ≈ 13.697. Thus EE(P6) < EE(G).
Now we have EE(P7) ≈ 14.474 and EE(P8) ≈ 16.754. If λ1(G) 3, then
EE(P7) < EE(P8) ≈ 16.754 < e3 < EE(G).
Otherwise, λ1(G) < 3. For n = 7, we havem 9. By Lemma 2.3, we get λ1(G) 2.571. Thus
EE(P7) ≈ 14.474 < e2.571 +
7∑
i=2
eλi(G)  EE(G) as
7∑
i=2
eλi(G) > 6
(
e−3
) 1
6 ≈ 3.639,
by Arithmetic–Geometric Mean Inequality.
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For n = 8, we havem 11. By Lemma 2.3, we get λ1  2.75. Thus
EE(P8) ≈ 16.754 < e2.75 +
8∑
i=2
eλi(G)  EE(G) as
8∑
i=2
eλi(G) > 7
(
e−3
) 1
7 ≈ 4.56,
by Arithmetic–Geometric Mean Inequality.
For n = 9, we havem 14 and hence λ1(G) > 3, by (8). Thus
EE(P9) ≈ 19.034 < e3 +
9∑
i=2
eλi(G)  EE(G).
Forn = 10or 11or 12,wehaveλ1(G) 3.4, bym n2/6and (8).Wehave EE(P10) ≈ 21.313, EE(P11) ≈
23.593 and EE(P12) ≈ 25.872. Thus
EE(P10) < EE(P11) < EE(P12) ≈ 25.872 < e3.4 < EE(G).
This completes the proof. 
3. Estrada index of trees
In this section we prove one conjecture given in [6].
Theorem 3.1. Let T be a tree of order n. Then
EE(T) EE(Sn). (17)
Equality holds in (17) if and only if T is a star Sn.
Proof. Byn+ andn0,wedenote thenumberof positive eigenvalues and thenumberof zero eigenvalues
of T , respectively. Thuswe have
∑n+
i=1 λ2i = n − 1 for tree of order n. It iswell known that the spectrum
of star Sn is
⎛
⎜⎝√n − 1, 0, 0, . . . , 0︸ ︷︷ ︸
n−2
,−√n − 1
⎞
⎟⎠. Now,
EE(T) =
n∑
i=1
eλi
= n0 +
n+∑
i=1
(
eλi + e−λi
)
, as T is bipartite
= n0 + 2n+ + 2
∞∑
k=1
∑n+
i=1 λ2ki
(2k)!
 n + 2
∞∑
k=1
(∑n+
i=1 λ2i
)k
(2k)! , as n = n0 + 2n+ (18)
= n − 2 + 2
∞∑
k=0
(
√
n − 1)2k
(2k)! , as
n+∑
i=1
λ2i = n − 1
= n − 2 + e
√
n−1 + e−
√
n−1 = EE(Sn).
Now suppose that equality holds in (17). Then the equality holds in (18). From equality in (18), we get
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n+∑
i=1
λ2ki =
⎛
⎝ n+∑
i=1
λ2i
⎞
⎠
k
for k 1.
Since T is a tree, λ1 is nonzero. So we have n+  1. For k 2,
n+∑
i=1
λ2ki =
⎛
⎝ n+∑
i=1
λ2i
⎞
⎠
k
implies that n+  1, as λi’s are positive eigenvalues.
Thus n+ = 1. Since T is a tree, we have λ1 = −λn and λ2 = λ3 = · · · = λn−2 = λn−1 = 0. From∑n+
i=1 λ2i = n − 1, we get λ1 = −λn =
√
n − 1. Hence T is a star Sn.
Conversely, one can see easily that equality holds in (17) for star Sn. 
Note added in proof
Recently Conjecture 1 and Conjecture 2 have been completely proved in the recent paper: H. Deng,
“A Proof of a Conjecture on the Estrada Index”, MATCH Commun. Math. Comput. Chem. 62 (2009)
599–6.
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